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Abstract 

It is explicitly shown that there exist physical states (normalized to 1) in 
which the Robertson- Schrodinger and Heisenberg uncertainty relations are in- 
valid, namely, the mean values of the physical operators are infinite. Conse- 
quently, these relations cannot imply a general physical principle. The expla- 
nation by the theory of functional analysis is given : for these states even the 
definition of the uncertainty notion through the dispersion notion in the proba- 
bility theory is irrelevant 



1 Introduction 

Since 1928 up to now, following Ruark [1], who, for the first time, called the Heisenberg 
uncertainty relation ( HUR) a principle, HUR and it's generalization, the Robertson- 
Schrodinger uncertainty relation ( RSUR), are commonly looked upon as the mathe- 
matical representatives of a general physical principle. This implies that these relations 
must be valid for all physical states. After a modern, resent " which-way " experiment 
in an atom interferometer of Durr, Nonn and Rempe in 1998 [2] the discussion on the 
universality of the uncertainty principle is exploded again. Therefore, it is very useful 
to carefully reconsider the historical derivations of HUR and RSUR. 



In this paper, it is presented the remarks, notes and conclusions after careful recon- 
sidering all of the derivations of (i) Heisenberg equality ( Heisenberg 1927 [3], (ii) Pauli 
inequality ( Kennard 1927 [4], Weyl 1928 [5]), (iii) Heisenberg uncertainty relation 
for two hermitian operators ( Robertson 1929 [6] ) and, (iv) Robertson-Schrodinger 
uncertainty relation ( Robertson 1930 [7], Schrodinger 1930 [8] ). 
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2 Theory 



a) First, the following remarks must be emphasized: 

1. HUR does not forbid two physical quantities, whose corresponding operators are 
even noncommutative, to have simultaneously exact eigenvalues. This is due to Con- 
don [9] who remarked that in the Hydrogen atom states with orbital quantum number 
1=0 and azimuthal quantum number m=0, the x-, y- and z-projections of the orbital 
angular momentum may all be exact zeros at the same time, although their operators 
do not commute with each other. 

2. Because of the speciality that their operators do not have any eigenfunction in 
L2 ( space of the square integrable functions), each of both position and momentum 

has no exact vahic, which is also the direct concequence of HUR . Hence, it is naturally 
redundant the statement that position and momentum cannot simultaneously have ex- 
act values, which often is looked upon as the uncertainty principle. 

b) Second, we note that all the derivations implicitly contain superfine suppositions 
such as: 

1. The physical operators are always hermitian. 

2. In any normalized ( to 1) state the mean values of any physical operator are finite. 

That is, namely, the necessary condition for the validity of the definition of the 
notion "uncertainty", introduced, for the first time, by Hciscnbcrg for position and 
momentum in the Gauss wave packet case ( as a distance from the probability distri- 
bution maximum value to a value, at which the probability distribution decreases e 
times) and extended later by Weyl through the notion "dispersion" in the probability 
theory. 

c) Third, we point out some counter-examples which transparently show that 1. the 
physical operators are not always hermitian 2. the normalized state at which the mean 
value of the position operator is infinite and 3. the physical operators, whose mean 
values in the ground state of Hydrogen atom are infinite. They are following. 

1 . Consider a cigcn-differential wave packet of a 1-D free particle. It is normalized 
to unity. Let it is acted by the operator " position cubed " . In acting on the obtained 
function the momentum operator is not hermitian. 

2. Consider an eigen-differential wave packet of a 1-D electron in a constant ho- 
mogeneous electric field. It is normalized to unity. At this state the mean value of 
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the position operator is infinite. Hence, the uncertainty of the position cannot be de- 
fined. Then the statement (often called) of the uncertainty principle that the product 
of the position and momentum uncertainties much less than the certain (proportional 
to Planck ) constant, is meaningless. 

3. At the ground state of Hydrogen atom, the momentum operators to the n-th 
power with n equal or greater 6, for example, have infinite mean values, therefore, their 
uncertainties cannot be defined . 

While both the definition of the uncertainty notion and the derivations are valid 
for not-any physical state, RSUR and HUR cannot be recognized as a general physical 
principle; they might only be regarded as a " directe anschauliche Erlauterung" (direct 
intuitive interpretation) of the commutative relation between the corresponding oper- 
ators, which was the original Heisenberg's point of view for the basic case of position 
and momentum [3]. 

While RSUR and HUR do not imply the principle, it is not surprised that the 
obtained results in the " which-way" experiment of Durr, Nonn and Rempe have no 
relation with RSUR and HUR. 

The above mentioned facts are explained by the theory of functional analysis as the 
following. 

1. Since both position and momentum operators are unbounded, they can get out 
of L2 it's vectors. Then the physical operators are not sure of being hermitian. 

2. Since 1926, when Hilbert, in answering to a Heisenberg's call, started investi- 
gating the mathematical foundations for quantum physics, after the half-century de- 
velopment of the functional analysis, the mathematicians obtained one of the most 
important results that is the following. The commonly defined expressions of mean 
value and dispersion of the hermitian operators are meaningful only with the condi- 
tion that the mean value is finite. But, at vectors outside of Schwartz subspace of the 
Hilbert space the mean values are not sure of being finite [10]. 

3 Conclusion 

l.RSUR and HUR arc only two of the consequences of the current postulate ( axiom) 
systems in quantum mechanics, whose the foundation is the statistical-probability de- 
scription. Namely, RSUR and HUR are consequences of the hermitian property of the 
physical operators and normahzability (to 1) of the wave function. RSUR and HUR 
cannot be recognized as a general physical principle because they are only meaningful 
for not whole physical states. 
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2. It is urgently necessary to make the following. 

(i) To change the concept for the uncertainty notion and, consequently, the notion 
of the certain value, exactly measured value. 

(ii) To improve the mathematical apparatus for quantum physics, namely, to use 
the rigged Hilbert space ( Gelfand triplet) taking into account the fact that both of 
the momentum and position operators are unbounded, the importance of which is em- 
phasized by mathematician-physicists such as Mackey, Fadeev, Maslov, Bogoliubov, 
Logunov and Todorov etc... 

(iii) To predict the new physical effects using the newly improved mathematics. 
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